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We examine the effects of the Dzyaloshinsky-Moriya (DM) interaction on the nonequilibrium ther-
modynamics in an anisotropic XY spin chain, which is driven out of equilibrium by a sudden quench
of the control parameter of the Hamiltonian. By analytically evaluating the statistical properties
of the work distribution and the irreversible entropy production, we investigate the influences of
the DM interaction on the nonequilibrium thermodynamics of the system with different parameters
at various temperatures. We find that depending on the anisotropy of the system and the tem-
perature, the DM interaction may have different impacts on the nonequilibrium thermodynamics.
Interestingly, the critical line induced by the DM interaction can be revealed via the properties of
the nonequilibrium thermodynamics. In addition, our results suggest that the strength of the DM
interaction can be detected experimentally by studying the nonequilibrium thermodynamics.
I. INTRODUCTION
The recent discovery of the exact nonequilibrium fluc-
tuation relations [1–7] has spurred a lot of activities in
both theoretical [8–10] and experimental [11–14] investi-
gations of the nonequilibrium thermodynamics in classi-
cal and quantum systems. A remarkable feature of the
fluctuation relations is that they hold true for arbitrar-
ily far from equilibrium process. With the help of the
fluctuation relations, important equilibrium information,
such as the free energy difference, can be extracted from
the nonequilibrium process. Moreover, the fluctuation
relations provide deep insights to the understanding of
the microscopic foundations of the Second Law of ther-
modynamics [2, 9, 15]. On the other hand, motivated
by a series of spectacular experiments in atomic physics
[16–18], a considerable amount of efforts have been de-
voted, during the past two decades, to the study of the
nonequilibrium dynamics in quantum many-body sys-
tems [19]. Therefore, it is quite natural to explore the
nonequilibrium thermodynamics in quantum many-body
systems. Actually, the nonequilibrium thermodynamics
has been studied in various quantummany-body systems,
such as the one-dimensional transverse Ising [20–24] and
XY models [25–27], the Dicke model [28], XYZ and
XXZ spin chains [29, 30], harmonic chains [22, 31], the
impurity Kondo model [32, 33], the sine-Gordon model
[34, 35], optomechanical systems [36], and Luttinger liq-
uids [37]. In particular, the influence of the quantum
criticality on the properties of the work and entropy pro-
duction during nonequilibrium-driven processes has been
revealed.
The interactions in spin models studied in the afore-
mentioned works are restricted to the symmetric spin-
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spin interactions. However, it is known that the
Dzyaloshinsky-Moriya (DM) interaction is often present
in many low-dimensional magnetic materials (e.g., see
Refs. [38, 39] and references therein). The DM inter-
action was initially introduced by Dzyaloshinsky [40] to
explain the weak ferromagnetic behavior shown in the an-
tiferromagnetic crystals. It was later proven by Moriya
that the DM interaction arises from the spin-orbit cou-
pling [41]. It has already been known that a number
of interesting and unconventional effects [42–45] origi-
nate from the DM interaction. Moreover, the phenom-
ena caused by the DM interaction have been observed in
many experiments [46, 47].
Several studies investigate the role of the DM inter-
action using tools borrowed from the field of quantum
information, such as fidelity and fidelity susceptibility
[48, 49], entanglement entropy [49–52], and quantum and
classical correlations [39]. Moreover, the impacts of the
DM interaction on the dynamical properties of the sys-
tem have also been studied using the dynamic transverse
spin structure factor [38] and the decoherence factor [53].
The influences of the DM interaction on the dynamical
phase transition [54] and the performance of the quan-
tum heat engines also have been investigated [55, 56].
Very recently, the effect of the DM interaction in an al-
ternating field quantum XY model has been explored in
Ref. [57]. However, the effects of the DM interaction on
the nonequilibrium thermodynamics have not been ex-
plored so far.
In this work, we theoretically investigate the influences
of the DM interaction on the nonequilibrium thermody-
namics in a one-dimensional anisotropic XY spin chain.
We analytically evaluate the statistical properties of the
work distribution and the irreversible entropy production
in the process of a sudden quench of the system’s control
parameter. We will examine the impacts of the DM inter-
action on the nonequilibrium thermodynamics, for differ-
ent anisotropy parameters and temperatures. Moreover,
2since a new critical line is present when the strength of
the DM interaction is above a threshold value [38, 58, 59],
it is, therefore, interesting to study whether the nonequi-
librium thermodynamics can be used to detect this new
critical line.
The remainder of this article is organized as follows.
In Sec. II, we briefly review some key concepts of the
nonequilibrium thermodynamics. The explicit expression
of the work distribution and the irreversible entropy pro-
duction are introduced. In Sec. III, we discuss the model
and its diagonalization. Moreover, the analytical results
of the characteristic function of the work distribution are
also presented. In Sec. IV, the effects of the DM interac-
tion on the statistical properties of the work distribution
and the irreversible entropy production are studied. Fi-
nally, discussion of our main results and a summary are
provided in Sec. V.
II. NONEQUILIBRIUM THERMODYNAMICS
In this section we briefly introduce some key concepts
in the nonequilibrium thermodynamics and discuss the
formulism that will be used in the rest of this article.
We consider a quantum system described by a Hamilto-
nian H [λ(t)], where λ(t) is a time-dependent externally
controlled parameter, called the work parameter in the
field of nonequilibrium thermodynamics [9]. Initially, we
assume that the system equilibrates with a heat bath at
the inverse temperature β for a fixed value of the work
parameterλ(t ≤ 0) = λ0. Therefore, the initial state of
the system is described by the Gibbs state
ρ0(λ0) =
e−βH0
Z0(λ0)
, (1)
where Z(λ0) = Tr[e
−βH0 ], is the partition function.
At t = 0 the system is detached from the heat bath,
and work is done on the system as the work parame-
ter is varied from its initial value λ0 to a final value
λ(t = τ) = λf . The initial and final Hamiltonian can
be decomposed as H0 =
∑
nEn(λ0)|n(λ0)〉〈n(λ0)| and
Hf =
∑
mEm(λf )|m(λf )〉〈m(λf )|, respectively, where
En(λ0) [Em(λf )] is the nth (mth) eigenenergy of the
initial (final) Hamiltonian with the eigenstate |n(λ0)〉
[|m(λf )〉]. According to the definition of the quantum
work [5], the work distribution of this nonequilibrium
process is given by [60]
P (W ) =
∑
n,m
p0np
τ
m|nδ{W − [Em(λf )− En(λ0)]}, (2)
where p0n = e
−βEn(λ0)/Z(λ0) denotes the probabil-
ity to find the system in the nth eigenstate of H0
when making the initial energy measurement. While
pτ
m|n is the transition probability to find the system
in the mth eigenstate of Hf at time τ if it were in
the nth eigenstate of H0 at the initial moment of
time, i.e., pτ
m|n = |〈m(λf )|Uˆ(τ)|n(λ0)〉|
2, where Uˆ(τ) =
Tˆ exp
{
− i
~
∫ τ
0
H [λ(t)]
}
with Tˆ as the time ordering op-
erator.
Usually, it is more convenient to use the characteristic
function of work, which is defined as the Fourier trans-
form of the work distribution [60]:
χ(u) =
∫
P (W )eiuW dW
= Tr{[Uˆ(τ)e−iuH0 ]ρ0(λ0)[e−iuHf Uˆ(τ)]†}. (3)
It is worth mentioning here that the characteristic func-
tion in Eq. (3) has a similar form to the Loschmidt echo
(LE), as was pointed out in Ref. [21]. As a measure
of the degree of the irreversibility in quantum systems,
the LE has been used widely in many fields (see, e.g.,
Refs. [61, 62] and references therein). In particular, the
link between the quantum criticality and the property of
the LE has been studied in several works [63–66].
The nth moment 〈Wn〉 and the cumulant Kn of
the work distribution can be obtained by expand-
ing χ(u) and ln[χ(u)], respectively. The final results
are given by 〈Wn〉 = (−i)n ∂nuχ(u)|u=0 and Kn =
(−i)n ∂nu ln[χ(u)]|u=0 [23]. Therefore, the averaged work
〈W 〉 and the variance of the work distribution Σ2 =
〈W 2〉 − 〈W 〉2 can be expressed as
〈W 〉 = −i∂uχ(u)|u=0, Σ
2 = (−i)2∂2u ln[χ(u)]|u=0. (4)
The statistical nature of the work in Eq. (2) allows us
to recast the form of the second law of thermodynamics
as 〈W 〉 ≥ ∆F . This inequality implies the existence of an
averaged irreversible work defined as 〈Wirr〉 = 〈W 〉−∆F
[7, 23–26]. Then one can define the irreversible entropy
production as
∆Sirr = β〈Wirr〉 = β(〈W 〉 −∆F ), (5)
which quantifies the degree of the irreversibility of a
nonequilibrium process. It has been proven that the ir-
reversible entropy production can be expressed as the
relative entropy between the instantaneous state ρt at a
given time of the evolution and the hypothetical Gibbs
state ρeqt associated with the Hamiltonian of the system
at that time [23, 24, 67, 68],
∆Sirr = S[ρ(t)||ρ
eq
t ], (6)
where S(ρ||κ) = Tr(ρ log ρ − ρ log κ) is the relative en-
tropy between two arbitrary density matrices ρ and κ.
III. THE XY CHAIN WITH THE
DZYALOSHINSKY-MORIYA INTERACTION
The Hamiltonian of the one-dimensional anisotropic
XY chain in a transverse field with the Dzyaloshinsky-
3FIG. 1: The averaged work (a) and the variance of the work distribution (b) as a function of D and h0. The parameters are
chosen as follows: the perturbative quench of the magnetic field δh = hf − h0 = 0.01, the temperature β = 100, the anisotropy
γ = 0.5, and the number of spins is L = 5000.
0 1 2
-50
0
50
0 1 2
0
0.2
0.4
0.6
0 1 2
-50
0
50
0 1 2
0
0.05
0.1
FIG. 2: The averaged work as a function of h0 under various D for γ = 0.1 (a) and γ = 0.8 (c). The variance of the work
distribution as a function of h0 under various D for γ = 0.1 (b) and γ = 0.8 (d). The perturbative quench of the magnetic field
δh = hf − h0 = 0.01, the initial temperature and the number of spins are β = 100 and L = 5000, respectively.
Moriya (DM) interaction reads [38, 39, 53, 57]
H0 =−
L∑
j=1
(
1 + γ
2
σxj σ
x
j+1 +
1− γ
2
σyj σ
y
j+1 + h0σ
z
j
)
−
L∑
j=1
D
(
σxj σ
y
j+1 − σ
y
j σ
x
j+1
)
, (7)
where L is the total number of spins, σx,y,zj are the Pauli
matrices on the jth site, γ(−1 ≤ γ ≤ 1) is the anisotropy
parameter, h0 is the strength of the uniform external
transverse magnetic field, and D denotes the strength
of the DM interaction along the z direction. Here the
periodic boundary condition σx,y,zL+1 = σ
x,y,z
1 is assumed.
The Hamiltonian (7) can be diagonalized by mapping
the spins to spinless fermions through the Jordan-Winger
transformation [69, 70]
σxj =
j−1∏
l=1
(1− 2f †l fl)(f
†
j + fj),
σyj = −i
j−1∏
l=1
(1− 2f †l fl)(f
†
j − fj),
σzj = 1− 2f
†
j fj .
(8)
Here, fl(f
†
l ) is the fermionic annihilation (creation) op-
erator for the lth site. Then the Hamiltonian (7) can be
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FIG. 3: The location of the local minimums in the D − h0
plane with γ = 0.5, β = 100, δh = hf − h0 = 0.01, and
L = 5000. The red crosses and the blue circles represent
the local minimums in the derivatives of the averaged work
and the variance of the work distribution with respect to the
control parameter. The black dashed-dotted line denotes the
critical point hc = 1 (D < γ/2) and the critical line hc =√
4D2 − γ2 + 1 (D > γ/2). The dashed line indicates D =
γ/2.
rewritten as
H0 =−
L∑
j=1
[
(1 + 2iD)f †j fj+1 + (1 − 2iD)f
†
j+1fj
+γ(f †j f
†
j+1 + fj+1fj) + h0(1− 2f
†
j fj)
]
. (9)
Now we transform the above Hamiltonian to the mo-
mentum space by employing the Fourier transformation
ck =
1√
L
∑L
j=1 fje
−ikj , c†k =
1√
L
∑L
j=1 f
†
j e
ikj , where ck
and c†k are the fermionic annihilation and creation oper-
ators for the kth wave vector. The wave vectors k are
given by k = 2pim/L with m = −(L−1)/2, . . . , (L−1)/2
for an even L. Note that the lattice constant has been
set as a unit. In terms of ck and c
†
k, the Hamiltonian can
be rewritten as H =
∑
kHk, where Hk = C
†
kMkCk with
C†k = (c
†
k, c−k) and
Mk =
(
h0 − cos k + 2D sin k −iγ sin k
iγ sin k 2D sink − h0 + cos k
)
.
The matrix Mk can be diagonalized by the following
Bogoliubov transformation:
c±k = cos
(
φk
2
)
ξ±k ± i sin
(
φk
2
)
ξ†∓k, (10)
where φk is given by
φk = arctan
[
γ sin k
h0 − cos k
]
. (11)
Here other fermionic operators {ξk, ξ−k} have been
introduced through Eq. (10). The eigenvalues of
Mk are λ± = ±εk(h0) + 2D sin k with εk(h0) =√
(h0 − cos k)2 + γ2 sin
2 k. The final diagonalized
form of the Hamiltonian (7) is given by H0 =∑
k ζk(h0)(2ξ
†
kξk − 1) with ζk(h0) = εk(h0) + 2D sink
[38, 53]. It is worth pointing out that only the energy
spectrum ζk depends on D, while the coefficients of the
Bogoliubov transformation and, hence, the energy eigen-
states are independent of the strength of the DM inter-
action [cf. Eq. (11)].
In our study, we consider the sudden quench process.
Namely, the strength of the transverse magnetic field is
changed suddenly at time t = 0 from the initial value h0
to the final value hf . Initially, the system is prepared in
the thermal state with the inverse temperature β. Then
the initial partition function in Eq. (1) reads
Z(h0) = 2
L
∏
k
cosh [βζk(h0)] . (12)
Using an analogous diagonalization procedure outlined
above, the post quench Hamiltonian can be rewritten in
the diagonal form Hf =
∑
k ζk(hf )(2ξ˜
†
k ξ˜k − 1), where
{ξ˜k, ξ˜
†
k} are the post quench fermionic operators. Note
that different values of the magnetic field imply differ-
ent Bogoliubov transformations [cf. Eqs. (11) and (10)].
Therefore, the post quench fermionic operators {ξ˜k, ξ˜
†
k}
are different from their pre quench counterparts {ξk, ξ
†
k}.
However, these two classes of fermionic operators can be
connected by inverting Eq. (10) for both the pre- and
post quench fermionic operators. Their relations are [23–
25, 53, 63]
ξ˜±k = cos(θk)ξ±k ∓ i sin(θk)ξ
†
∓k, (13)
where θk = (φ˜k − φk)/2 with φk is given by Eq. (11) [φ˜k
is given by Eq. (11) with h0 replaced by hf ].
In the sudden quench process, because Uˆ(τ) equals the
identity operator, the characteristic function in Eq. (3)
can be simplified to
χ(u) =
1
Z(h0)
Tr[eiuHf e−iuH0e−βH0 ]. (14)
The trace in Eq. (14) can be evaluated analytically by
employing the relations between the eigenstates of H0
and Hf . To this aim, we first rewrite H0 and Hf in the
following form
H0 =
∑
k>0
H0k , Hf =
∑
k>0
Hfk , (15)
where H0k = [2εk(nˆk + nˆ−k − 1) + 4D sink(nˆk −
nˆ−k)], H
f
k = [2ε˜k(
ˆ˜nk + ˆ˜n−k − 1) + 4D sin k(ˆ˜nk − ˆ˜n−k)]
with nˆ±k = ξ
†
±kξ±k(
ˆ˜n±k = ξ˜
†
±k ξ˜±k) as the particle num-
ber operator of pre quench (post quench) fermions. The
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FIG. 4: The averaged work as a function of h0 for several different DM interactions at (a) β = 100 and (c) β = 5. The variance
of the work distribution as a function of h0 for different D at (b) β = 100 and (d) β = 5. The other parameters are γ = 0.5,
L = 5000, and δh = hf − h0 = 0.01.
eigenstates of H0k (H
f
k ) are given by |nk, n−k〉 (|n˜k, n˜−k〉)
with n±k = 0, 1 (n˜±k = 0, 1). Then, from Eq. (13), we
express the eigenstates of H0k in terms of the eigenstates
of Hfk as follows [24, 25]:
|0k, 0−k〉 = cos(θk)|0˜k, 0˜−k〉+ i sin(θk)|1˜k, 1˜−k〉,
|1k, 1−k〉 = cos(θk)|1˜k, 1˜−k〉 − i sin(θk)|0˜k, 0˜−k〉,
|0k, 1−k〉 = |0˜k, 1˜−k〉, |1k, 0−k〉 = |1˜k, 0˜−k〉.
(16)
Combining Eqs. (14), (15), and (16), the characteristic
function in Eq. (14) then takes the form
χ(u) =
1
Z(h0)
∏
k>0
∑
n=0,1
e−(iu+β)[2εk(nk+n−k−1)+4D sin k(nk−n−k)]〈nk, n−k|eiu[2ε˜k(n˜k+n˜−k−1)+4D sin k(n˜k−n˜−k)]|nk, n−k〉
=
1
Z(h0)
∏
k>0
{
e2(iu+β)εk [e−2iuε˜k cos2(θk) + e2iuε˜k sin2(θk)] + e−2(iu+β)εk [e−2iuε˜k sin2(θk) + e2iuε˜k cos2(θk)]
+e4D sin k(iu+β)e−iu4D sin k + e−4D sin k(iu+β)eiu4D sin k
}
. (17)
With this analytical expression of the characteristic func-
tion of the work distribution, the Crooks relation and the
Jarzynski equality can be easily verified [24, 25]. More-
over, both the statistical moments of the work distri-
bution and the irreversible entropy production can be
exactly evaluated from the full expression of the charac-
teristic function of the work distribution.
IV. WORK STATISTICS AND IRREVERSIBLE
ENTROPY PRODUCTION
A. Work statistics
Substituting the characteristic function in Eq. (17) into
Eq. (4) we get the averaged work and the variance of the
work distribution
〈W 〉 =
∑
k>0
〈w〉k, Σ
2 =
∑
k>0
σ2k, (18)
6FIG. 5: The irreversible entropy production as a function
of h0 and D for perturbative quenches in the magnetic field
with the amplitude δh = hf −h0 = 0.01 at a low temperature
β = 100. The other parameters are γ = 0.5 and L = 5000.
The white dashed line indicates the critical point hc = 1 (D <
γ/2), and the critical line hc =
√
4D2 − γ2 + 1 (D > γ/2).
where
〈w〉k =
2(h0 − hf) cos(φk) sinh(2βεk)
cosh(2βεk) + cosh(4βD sin k)
,
σ2k =
4(h0 − hf )
2 cosh(2βεk)
cosh(2βεk) + cosh(4βD sin k)
− 〈w〉2k.
Obviously, the expressions of 〈w〉k and σk imply that the
rescaled averaged work 〈W 〉/δh and the variance of the
work distribution Σ2/δh2 are independent of the ampli-
tude of the quench strength. Moreover, the results in
Ref. [26] for the XY spin chain without the DM inter-
action can be recovered from Eq. (18) by setting D = 0.
Due to εk and φk being independent of the value of D,
the generalization to the case with the DM interaction in-
volves only the modification of the denominator of 〈w〉k
and σ2k, respectively. These analytical results allow us to
evaluate the effects of the DM interaction on the nonequi-
librium quantum thermodynamics in an exact way.
In Figs. 1(a) and 1(b), we plot the averaged work and
the variance of the work distribution as a function of h0
and D. Clearly, both 〈W 〉 and Σ2 are the continuous
functions of h0 and D. At low temperature, when the
DM interaction is not strong enough, i.e., D < γ/2, the
ground state is the ferromagnetic state, and the DM in-
teraction does not have much influence on the ground
sate. As a result, the behaviors of 〈W 〉 and Σ2 are insen-
sitive to the DM interaction. However, due to the system
changes from the gapped phase (D < γ/2) to the gapless
phase (D > γ/2) at D = γ/2 [58, 59], the effects of the
DM interaction emerge gradually when D is larger than
γ/2.
In order to reveal more details about the influence of
D on the work distribution, in Fig. 2 we plot the aver-
aged work and the variance of the work distribution as a
function of h0 at β = 100 under various D and γ. The
results in Fig. 2 indicate that the DM interaction can in-
crease the averaged work and suppress the fluctuation of
the work distribution. From Fig. 2, we can also find that
even though the behavior of the averaged work is simi-
lar for various D, the behavior of the variance of work
distribution exhibits a remarkable change as D increases.
Specifically, when D < γ/2, the variance of the work dis-
tribution shows a sharp transition from a flat region to a
monotonically decreasing region, and the DM interaction
does not influence the variance of the work distribution.
When D > γ/2, however, the variance of the work distri-
bution shows a sharp peak. This phenomenon arises from
the different properties between the gapped (D < γ/2)
and the gapless (D > γ/2) phases, and confirms that the
DM interaction substantially changes the variance of the
work distribution. We note that Fig. 2 shows also that
the larger the values of γ, the weaker the influences of
the DM interaction on the work distribution.
It is well known that the discontinuities in the deriva-
tives of the averaged work and/or the variance of work
distribution with respect to the control parameter signal
the presence of the quantum critical point [21–23, 26–
30]. On the other hand, it has already been verified that
when D < γ/2 the critical point of system located at
hc = 1, while a new critical line hc =
√
4D2 − γ2 + 1
appears when D > γ/2 [38, 58, 59]. Therefore, an inter-
esting question is whether the derivatives of the averaged
work and/or the variance of the work distribution with
respect to the control parameter can be used to reveal
the critical line induced by the DM interaction. Notice
that it has recently been found that the critical line men-
tioned above also exists in the open XY model with DM
interactions [71].
In Fig. 3, we compare the numerical results which are
the local minimums in the derivatives of the averaged
work and the variance of the work distribution with the
theoretical results. Obviously, a good agreement between
the numerical and analytical results of the phase bound-
ary can be seen in Fig. 3. Our results, thus, imply that
both the critical point and the critical line can be de-
tected through the statistical properties of the work dis-
tribution.
We further investigate the effects of the DM interaction
on the work distribution under various temperatures. In
Fig. 4, we show the averaged work and the variance of
work distribution as a function of h0 for several different
DM interactions at β = 100 and β = 5, respectively. At
low temperature, due to the aforementioned reason, the
effect of the DM interaction on the statistical properties
of the work distribution appear only when the value of
D satisfies D > γ/2. However, at high temperature, the
sharp transitions in the averaged work and the variance
of the work distribution are smoothed out due to the
thermal fluctuations. Moreover, the high energy levels
with large values of k begin to play an important role
in nonequilibrium dynamics of system. The DM interac-
tion terms in the expressions of the averaged work and
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FIG. 6: The irreversible entropy production as a function of h0 at low temperature β = 100 under various values of D with (a)
γ = 0.1 and (b) γ = 0.6. The number of spins is L = 5000, and the amplitude of the quench is δh = hf − h0 = 0.01.
the variance of the work distribution [cf. Eq. (18)] become
important. Thus, the evident influences of DM interac-
tion on the statistical properties of the work distribution
can be clearly seen even when D < γ/2 [cf. Fig. 4(d)].
The impacts of the DM interaction on the work distribu-
tion are, therefore, enhanced by increasing temperature
(thermal fluctuations).
B. Irreversible entropy production
From the expression of the averaged work in Eq. (18),
we find the irreversible entropy production in Eq. (5) is
given by
∆Sirr = β〈W 〉 +
∑
k>0
ln
[
cosh(2βε˜k) + cosh(4βD sin k)
cosh(2βεk) + cosh(4βD sin k)
]
.
(19)
In Fig. 5, we plot the irreversible entropy production as
a function of D and h0 for δh = hf − h0 = 0.01 and
γ = 0.5 at low temperature β = 100. Obviously, the
irreversible entropy production is a continuous function
of D and h0 and shows a sharp peak in the vicinity of the
critical point or line. Therefore, the irreversible entropy
production can be used to detect the critical line induced
by the DM interaction.
In the neighborhood of the critical regime, the sharp
peak of ∆Sirr can be explained by the quantum relative
entropy between the instantaneous state at time t and
the hypothetical Gibbs state at that time [cf. Eq. (6)].
For the case of a sudden quench, it has been verified that
the relative entropy in Eq. (6) is equal to the distance
between the initial and the final Gibbs states [24, 67].
Therefore, in our study the irreversible entropy produc-
tion can be rewritten as ∆Sirr = S[ρ
eq(h0)||ρ
eq(hf )].
Near the critical regime, a small change in the trans-
verse field will lead to a dramatic change in the equilib-
rium state. Hence, the irreversible entropy production
exhibits a sharp peak as the control parameter crosses
the quantum critical point or line. For different values
of the anisotropy parameters γ, the influences of the DM
interaction on the behavior of the irreversible entropy
production are shown in Fig. 6.
We extend our study by investigating the effect of the
DM interaction on the irreversible entropy production
under various temperatures. In Fig. 7, we plot the ir-
reversible entropy production versus h0 for various D
with β equal to 100 and 5, respectively. First, we can
see clearly that the thermal fluctuations generated by
high temperature smooth out the sharp peak in the ir-
reversible entropy production and suppress the value of
∆Sirr, regardless of the strength of the DM interaction.
Second, as we mentioned above, the thermal fluctuations
at high temperatures can enhance the effect of the DM
interaction on the behavior of ∆Sirr. One can see from
Fig. 7 that even when D < γ/2, the irreversible entropy
production is different from that for D = 0.
As a last remark, we find that for a different size of
the system the irreversible entropy production rescaled
by the size of the system is an invariant quantity when
the value of D is fixed. Therefore, the irreversible en-
tropy production scales extensively for a fixed D, i.e.,
∆Sirr ∝ L as L → ∞. On the other hand, since the
large amplitude of the quench strength induces a large
distance between the states of the pre- and post quench
Hamiltonians, although ∆Sirr still has a peak near the
critical point or line, its value is much larger than that
for the small quench case. It is worth mentioning that
at low temperature, for small quenches, the irreversible
entropy production can be related to the fidelity suscep-
tibility [72, 73].
V. CONCLUSIONS
In conclusion, we have studied the effects of the DM
interaction on the nonequilibrium thermodynamics by
exactly solving a quantum spin chain, i.e., the one-
dimensional anisotropic XY chain in a transverse field.
The influence of the DM interaction on the nonequilib-
rium thermodynamics is revealed via the statistics of the
work distribution and the irreversible entropy produc-
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FIG. 7: The irreversible entropy production as a function of h0 for various D at (a) β = 100 and (b) β = 5 with γ = 0.5,
δh = hf − h0 = 0.01, and the number of spins is L = 5000.
tion.
At low temperature, our results demonstrate that the
nonequilibrium thermodynamics is insensitive to the DM
interaction when the strength of the DM interaction is
less than half of the anisotropy γ, i.e., D < γ/2. This
originates from the fact that when D < γ/2 the ground
state of the system is the ferromagnetic state, and the
DM interaction does not have much influence on the
ground state. However, due to the quantum phase tran-
sition atD = γ/2 [58, 59], the impacts of the DM interac-
tion on the nonequilibrium thermodynamics will gradu-
ally emerge whenD > γ/2. We find that the DM interac-
tion can increase the averaged work while suppressing the
fluctuation of the work distribution. Similarly, the DM
interaction has nonvanishing effects on the irreversible
entropy production only when D > γ/2. Interestingly,
we find that the properties of the nonequilibrium ther-
modynamics can be used as a useful tool to detect the
critical line induced by the DM interaction. At high tem-
perature, due to the thermal fluctuations, the impacts of
the DM interaction on the nonequilibrium thermodynam-
ics can be enhanced by the thermal fluctuations. There-
fore, a tiny change in the strength of the DM interaction
will lead to a remarkable change in the properties of the
nonequilibrium thermodynamics.
Finally, we note that the procedure to experimentally
determine the work statistics has been proposed [74–
76] and employed to measure the work distribution in
a quantum system [14]. In particular, the irreversible en-
tropy production has been experimentally measured in
Ref. [77]. Therefore, our results suggest the possibility
to experimentally probe the strength of the DM interac-
tion in quantum systems by studying the nonequilibrium
quantum thermodynamics.
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